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Bending without shear force (pure bending)
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urvature: = -L OJ'EN_ = W
C ture: J{ = S d‘zz__w

Strain: 8)( (z):: -2 . W"

6x(z)= E- £x(7) = - Ez'
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Bending moment in a beam
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Bending with shear force (transverse bending)

Cantilever beam

4 /‘ TF

L=F

-Flg)=0

Hv =T ()

d§ = -]z

Shear force
in a beam
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A reminder: cantilever beam - Ritz method solution

/EJ w(X) j Po  solve a cantilever beam using the Ritz method
e Al \
/ using a given approximation function:

W(x)=a, +a, -x+a,-x*+a, - Xx°

Boundary conditions: W(x 0)= 0= &, =0 | W(x=0)=0] = a,=0
Approximate solution: 1 The exact solution:
W(x)= £ '“E’OJ K - . W(X)= 5B~ B+ B x
M, (x)= 35 pol? —2 pyl - X w(x) - | M, (x) =14 py(1 = x)°
T(x)==3p, 11% 3 Wx) o T(X)=—py(1-x)
— AL
6 2 T(X
sl MK ' L
5 2 A/ ~ /
= Pl M, (x) T —




A beam finite element (bending in one plane)
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— transverse displacements at nodes

— deflection angles at nodes

(positive signs in counterclockwise

direction)

n=2; n,=2 2 ny=n-n,=4

Let us assume an approximation of the deflection function in the element:

W(SE) =y "'0‘254‘05352 —I—Ol4§3

However, new parameters are required: wy,w,, 01, 05

Vector of nodal parameters:

{q}e =

q1
q>
q3
44/,

Nodal approximation:

w(¢)

:iNi(é:)qi

w(g) =| N(&) J{al,,




A beam finite element - the relationship between &, ,,05,0, and 0;,0,,05,0,

W(E) = oy + a8 + a8 + &7 T, VORES
— U 2 3 4 }ﬂ )@FCM
—
0
_ _ 3
displacement atnode1 =» 6, = wW(0) =a, @ o 3
dw l.
deflection angle atnode 1 =» (, = d—(O) =a,, — =
displacementatnode2 2 o, =W()=a, +a,l, +a,l +a,l’,
W
deflection angle atnode 2 = (, = E(I) =a, + 20, +3a,l’.
In matrix notation: 117010710
ql 1 O O O 051 a, 0 1 0 0 ql
d, 0 1 0 0 ||a, o | 0,
4 L = > = |3 . ‘ 4 > = 3 3 1 < S
R T “ElT e .
2 e e e
\q4/ | O 1 2Ie 3Ie | \a4) o E i __2 i o
N N




A beam finite element — shape functions

The approximated displacement can be represented in the form:

e N\ s 3

a, q1
W(E) = 16,68 172 = N N, () Ny (). N, (0) | 2 |
ka4/ \q4)
Shape functions of a beam element
N, () =1-35_ 425, N(ff%: o 4 =1
g & w
No(6) =62+ W b
3 N,(¢)
0@ =35 2% |
N (5)—i+f—2. -~




A beam finite element - shape functions and their derivatives

I _ N I 43N n 3
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A beam finite element — total potential energy

Deflection function and its derivatives:

Total potential energy of a beam of length /.

le le
El
Vy = U =W = | W' @) = | pOW©OAE =) Pwi= ) My,
0 0 l J

w(&)=| N(&) J{a},.
w'(£) = N'(5) {a},.
w'(£)=| N"() J{a},-

le le
El El
U =~ j W ©w" (E)dE = j . IN"}IN" g} dE =
0 0

B El
= 7[6”6

L
0

-ar AT I
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AN
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r 144
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A beam finite element — stiffness matrix

Elastic strain energy of the beam:

U, = al[k].{al,

[k], = EI

Stiffness matrix of a beam element:

0

Ie‘ " "
N,'N,dg

0

* NZ”Nl”dé

* N?’”Nlﬂd5
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A beam finite element — equivalent forces

Work of external load: WP :j p(&)w(E)dE :j p(f)LN (ff)J{CI}e dé

= TLNl(f)p(f)a N()pE), Ny(HpE), N, (& p©) | {4}, d¢,

()
O

FRRR L =L Lk,
3

\q4)

p
er

Nodal equivalent forces resulting from continuous load output:

Fe = [N, (&) p(&)de
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Example: Equivalent forces resulting from uniform transverse loading

Ie
Nodal forces resulting from continuous loading:  F° = J. N. (&) p(&)ds
0

For uniform transverse loading:

e.t.c
e e pOIe
5‘5‘2 Pole Pole
2 2
. po|e2 polze polze
2 = 12 12
12

e _p0|e2 @ @
T Po
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A beam finite element — list of search functions

17.
' A cpl ﬁ, ﬁ 3/4
? Jfé [ ] L9 le=L91,9492 54
....7; Ejj L A4
"_—-—f —
Deﬂecj:ion: W(E) = LN _\ {qge = Polynomial of the 3rd order

14§ 4

Be.ndi;*;g My (g) = E‘J) h/" = Ejj LN'_II{Qge — Linear function

moment: AxY L)

Shear I5 [g) — -—Ej} W= - Ej} LN"{ -{%ﬁe - Constant value

force: Avb g4
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A beam finite element — system of equations

Total potential energy of the beam element:

V, =U, ~W, = —qu [k]. {a}, LOIJ {Fle

4x4 4x1 4x1
Condition for minimizing total potentlal energy:
oV :
=0 i=123,...,n
oq

k ={F) |mmp 2EL}9 |2 |7 ) % G|
[ ]e{q}e { }e 1° | =6 | =3l 6 | -3l 4Q3>

e e e

3| 15 | =3L | 217 |19,
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Example: cantilever beam loaded with a uniformly distributed transverse loading (one element)

W;=q, W,=(, Vector of nodal parameters:
|- (g} = 01 _ )% _)0
t(2) Ue w» qs ds3
______________________ 9 2/e N4 \d4J,
1 1 ( Fl
- 6-—3|—-—6—31 0 F,
> pde 4 Y T B T B R |
A\ forces 12 7 — — < p=q 20 b
$ \/‘ — — P @ | _é' _IBI 6 =3l Ys 2 I
‘ P, 3I§ Iiz -3l | 217 d, —pol2
| o [ 12
2El pl /T
E (6q; —3lq,) = 5 B 1 po|4 1 p0|3
2E| o —p,l? > o "8 El |75 E
E (_3|q3+2| q4): 12 '
4 2 2
W) =N, (g, = {ilj Pol” - (—_2 ljp_o' SRl Pl
iZ=1: W) 8 6) El S 8 +6 El g 24 El g 12EI§ 19




Example: cantilever beam loaded with a uniformly distributed transverse loading (one element)

Reactions:

béz’a:s (-6-qs = 5;3.%>

—_
pa—

Rﬁﬁg

-
dd—ar o) | £ ZE3 - L
261 |3 -g,f;i_.__;;.-..+i--.1.()’_ [fj ( 3¢ q/s T /e (?/4> RL—‘L _F/TZ
Fl-d|B| 6 |-3|la] | 2 i
AR Ly = )
A _1p 1 p,l 2 Z
%55 95 B Cffzé
Bending moment: Q¢
Mg = ES3- w“(g} - E3-ZN:G)-¢
Mg= EJ (N (g> Qs+ Na (§): %)
2
Ms: 452- ?‘c—" - % 'g' %polz\‘ //Mg(x)
_é OLZ —5: oQ'L ¢ 5 p IZ/V' ~
42? AZP 12 0 Mg(X) 1 2
% P
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Example: cantilever beam loaded with a uniformly distributed transverse loading and point loads

(three elements)

Elastic strain energy in every element:
U,=-la] [KL{al, =2] q k'] {a}
IxN NxN e Nx1

Extended Element Stiffness Matrices:

qi qz, 43 g4 qs 44, 45 qs

Vector of nodal parameters:

3

0,
0,
Qs
q,
Os
O6
g,

\qSJ

3

DEDLE D O

qs qs, 47, 48
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Example: cantilever beam loaded with a uniformly distributed transverse loading and point loads
(three elements)

Elastic strain energy LE

of the entire beam: U= eLZ:El:Ue :%LQJ(;[k*lj{q} Z%LQJ[K]{Q}

Total potential energy of the system: \/ =UJ —WZ :%LqJ[K]{q}_LqJ{F}

oV

The condition of minimum total — =0 i =12.3....n
potential energy of the system: 6qi

[ K] {q} = { F} + displacement boundary conditions

G

: ST 120 g B 2y 120 hyq 6o L

M, ()= EW(Q) =B N/NSNSNG 3 My (0= 12 - - 2a, -~ b e B e
a),
(0

m m m m 12 6
T(§)=—E|W"'(§)=E|LN1 N, N, N, J 32 : T(f):_{E(ql_%)"‘f(%"'%)}a-
3

Us) ¢ 22




Example: cantilever beam loaded with a uniformly distributed transverse loading and point loads

(three elements)

1 1 1
kll klZ k13

1 1 1
le k22 k23

1 2
32 kSS + kll

1 1 1 2
k 41 k 42 k-LS + kEl

oo &

2

2
k—l-l

0 0
0 0 0
0 0 0

2 |3 ] o

l; i 0| s
( 0 | 3.
i | o | o
i | o | o

q{

q,
q;
q,
qs
qs

qs |

o B, IS e TS I i

o T1
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Typical FEM calculations

1. Determination of the stiffness matrix of the elements [k],

2. Aggregation of the matrix of elements into the global matrix [K]

3. Determination of the equivalent load vector {F}

4. Introduction of boundary conditions — determination of all the searched
parameters {q}

5. Determination of internal forces (moments and shear forces) and normal

and shear stresses

24




. M1 M:
Example: (W1y 41y (0) (F1)
P 01 qz 0 F,
w q —P
L 3 @0, (= q (i  E=u
W3 qs 0 Fs
AL B2 | ﬁ?c \05) \q¢) \q4) \M,, J
W \ j
3| 2r N
gr [ 5 | @ — T SE] 12| 0 | 3l ||0q, —P
K] = 3| 3 | ¢ 3| NER 0 [ 41" | I° sa, =M, ¢
I P A |17 |21° 0] (M,
-3l 212 /
(0, ] (w,] | 717 1 31 | 121 |[-P)
39, r =16, p=—— 3l 15 | =12 K M, ¢
q“ *|  96EI '
0] |65 121 | -12| 48 ||M,]




Example: find the components of the equivalent load for a linearly distributed
transverse load

ol3) = B3 tpy

le lo
Fie = gp(s) Ni(5)ds SQ’*‘ f gm)u- &g+ - g) by =
o : P_A_i\}_ ""2:_56(?2“?4) le
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2) Equivalent moment at node 1:

le l
G = $pl)lyfs)dy = (1t
o 0T
4\@2
- 12 "'310 (pz.'P'i) Lc

le le
----------------------------- 0\
_ ol |
- Pif: T zzo(f’z'@)k
4) Equivalent moment at node 2
e '3

27




Example: find the components of the equivalent load for a linearly distributed

transverse load
\

Pp=15-1
® £ TT@ 27 Py (l'GOoN 9) (04 N

= —“:Tlm lo. = 200me

{0 Nm

15'¥'Zoomm. -
Ee:/ mmz ' ok (f— —(IYM))ZOOMM" '600”

N . .2 ¥ _ wal
Fic = =15 3im 2007 mm 3 g’O(BO%’m)'ZGOZ”M = — 16" Nmm
12 _
Fe = —1Sim 2000w 3 N = 600 N
3L 7 + 3o (BO;;;M)'ZOOMM
N 2
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